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Abstract 



In this paper, we study the existence, stability and bifurcation of random complete and 
periodic solutions for stochastic parabolic equations with multiplicative noise. We first prove 
the existence and uniqueness of tempered random attractors for the stochastic equations and 
^. \ characterize the structures of the attractors by random complete solutions. We then examine 

the existence and stability of random complete quasi-solutions and establish the relations of 
these solutions and the structures of tempered attractors. When the stochastic equations are 
incorporated with periodic forcing, we obtain the existence and stability of random periodic 
solutions. For the stochastic Chafee-Infante equation, we further establish the multiplicity and 
stochastic bifurcation of complete and periodic solutions. 
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1 Introduction 

In this paper, we study the existence, stability and bifurcation of random complete and periodic 
solutions of a class of stochastic parabolic equations with multiplicative noise. Let Q be a bounded 
smooth open set in W 1 with boundary dQ. Given r € R, consider the following equation on 
(r, oo) x Q: 

— Au = f(t, x,u) +g(t,x) + au o — -, x£Q and t > r, (1.1) 

at at 

with initial condition u(t, •) = u T and homogeneous Drichlet boundary condition, where a is a 
positive constant, g € Lj (JSL, L°°(Q)), u> is a two-sided real-valued Wiener process on a probability 



space, and / is a locally Lipschitz continuous function satisfying some structural conditions. The 
stochastic equation (jl.ip is understood in the sense of Stratonovich integration. 

It is known that complete solutions play an important role in determining the long time dynamics 
of evolution equations. For instance, the structures of global attractors of some deterministic 
systems are completely characterized by bounded complete solutions, see, e.g., [2l [3"1 Pl3" l H H [28 l H5 l 
38] , Similarly, the structures of random attractors of stochastic equations are fully described by 
random complete solutions as demonstrated in [51] • Note that random traveling wave solutions can 
be considered as a class of random complete solutions, and such solutions have been introduced 
by Shen in [36] and studied in [391 HOI HH 112] • Since parabolic equations possess the comparison 
principle, the dynamical systems generated by these equations are monotone. The dynamics of 
monotone systems has been extensively investigated in the literature, see, e.g., [16l [T71 [30| [3T | [M l 
131117]. For such systems, complete solutions can be used to describe the structures of attractors 
in more detail. For deterministic monotone equations, it is possible to find a stable complete 
solution by which the attractor is bounded from above. It is also possible to find such a solution 
to bound the attractor from below, see, e.g., |34[ I35j and the references therein. For autonomous 
random systems, the role of complete solutions should be replaced by stationary solutions, and in 
this case, random attractors are bounded by extremal stationary solutions from above and below, 
respectively, see, e.g., [II H6l[T7]. 

Note that the articles mentioned above deal with either deterministic systems or autonomous 
random systems. As far as the author is aware, there is no analogous result available in the literature 
regarding the existence, stability and bifurcation of extremal random complete solutions for non- 
autonomous stochastic equations. In this paper, we will employ the non- autonomous random 
dynamical systems theory to investigate such solutions for parabolic equations with multiplicative 
noise. More precisely, we will show that the nonlinear stochastic equation (jl.ip has a unique 
tempered random attractor in the space C(Q) of continuous functions on Q with supremum norm. 
We will also prove that a linear equation associated with (|1.1|) possesses a unique tempered complete 
quasi-solution in C(Q) which attracts all solutions. Then by the comparison principle, we show 
that the nonlinear equation (|l.lj) has two tempered complete quasi-solutions u* and u*, where 
u* is maximal with respect to the random attractor and u* is minimal. The stability of u* and 
u* is also obtained. As we will see later, the maximal solution u* is stable from above and the 
minimal solution u* is stable from below (see Theorem 15.11 for more details). Based on this result, 
we further study the bifurcation problem of random complete solutions of a specific parabolic 
equation, i.e., the stochastic Chafee-Infante equation. We will prove the stochastic Chafee-Infante 



equation undergoes a pitchfork bifurcation when a parameter v crosses the first eigenvalue Ai of 
the negative Laplacian with homogeneous Dirichlet boundary condition. Actually, when v < Ai, 
the origin is the unique random complete quasi-solution and it is stable. In this case, the random 
attractor of the equation is trivial. When v passes Ai from below, the origin loses its stability and 
two more random complete quasi-solutions appear. This means the equation has at least three 
random complete quasi-solutions: u* , u* and for v > Ai. Furthermore, the nontrivial solutions 
u* and u* approach zero in C(Q) when v — >■ Ai (see Theorem 16. 2p . Particularly, if / and g in (jl.ip 
are periodic in time, then u* and u* become pathwise random periodic solutions (see Theorem 15 .2p . 
In this case, we obtain the bifurcation of pathwise random periodic solutions that seems to be the 
first result of its kind. The reader is referred to [23^ [24"] [53] for details regarding random periodic 
solutions. 

As mentioned before, the idea of the present paper is based on the attractors theory of ran- 
dom dynamical systems generated by non- autonomous stochastic PDEs. The existence of random 
attractors for such systems has been established in |11[ [22], 151] . If a stochastic equation does 
not contain deterministic non- autonomous forcing, then we say the equation is a autonomous 
stochastic one. The concept of random attractor for autonomous systems was introduced in 
|18[ [2^1 144] , and the existence of such attractors have been established for various equations, see, 
e.g., PliiaigEllSligiiniIiainiIIBlIiai23|2g|2Zl|^|3aiSll^l53- For the existence of invariant 
manifolds for stochastic PDEs, we refer the reader to [201 ED ESI EZ] for details. 

This paper is organized as follows. In the next section, we recall some basic concepts regarding 
random attractors of non-autonomous stochastic equations. In Section 3, we define a continuous 
random dynamical system for the stochastic equation (jl.ip . Section 4 is devoted to the existence of 
tempered random attractors and periodic attractors for (jl.ip . In Section 5, we discuss the structures 
of the attractors as well as the existence and stability of random complete quasi-solutions and 
random periodic solutions. We then investigate the bifurcation of random complete and periodic 
solutions of the Chafee-Infante equation in the last section. 

Throughout this paper, we will use C(Q) to denote the space of continuous functions on Q 
with supremum norm. We will also use Cq(Q) to denote the subspace of C(Q) which consists 
of continuous functions vanishing at dQ. The norm of a Banach space X is written as || • ||x- 
The letters c and c, (i = 1,2,...) are generic positive constants which may change their values 
occasionally. 



2 Preliminaries 

For the reader's convenience, we recall some concepts from [51] regarding pullback attractors of 
non-autonomous stochastic equations. The reader is also referred to [U [TBI f!9l [25], [H] for similar 
results on autonomous stochastic equations, and to (2j [31 [28j H5j HH] for deterministic attractors. 

Hereafter, we assume that (A, d) is a complete separable metric space and ($7, J 7 , P, {0t}teM.) is 
a metric dynamical system. Let D be a collection of some families of nonempty subsets of A 
parametrized by r G R and uj G O. A mapping if : K x O -> 2 X with closed nonempty images is 
said to be measurable if K (t, •) is (J-, £>(A))-measurable for every fixed t£l. 

Definition 2.1. A mapping <J>: R + xRxOxX^Xis called a continuous cocycle on A" over 

(Q, J 7 , P, {0t}tem) if for all r S 1, w S fi and t,s£ R + , the following conditions (i)-(iv) are satisfied: 

(i) $(■, r, v ):R+x!]xI^Iis (£(R+) x J" x B(A), £(A))-measurable; 

(ii) $(0,r, w, •) is the identity on A; 

(iii) $(i + s, r, w, •) = $(£, r + s, 9 s uj, •) o $(s, r, w, •); 

(iv) <!>(£, r, w, •) : A — >■ X is continuous. 

If, in addition, there exists a positive number T such that $(t,r + T, w, •) = <&(£, r, uj,-) for all 
£ G R + , r G R and ud!], then <I> is called a continuous periodic cocycle on X with period T. 

Definition 2.2. (i) A mapping ?/> :MxRxfi - > X is called a complete orbit (solution) of <3? if for 
every t G R + , s,t gR and weO, <&(*, r + s, 6> s u;, t/»(s, t, w)) = -0(i + s, r, w). If, in addition, there 
exists D = {D(t,co) : r G R, w G 0} G P such that ip(t,r,u)) belongs to Z)(r + t,6tuj) for every 
t £ 1, t 6 I and u) G fi, then ^ is called a P-complete orbit (solution) of <I>. 

(ii) A mapping £ : M x SI — >• A is called a complete quasi-solution of <& if for every t G R + , r G R 
and U) G f2, <!>(£, r, w, £(t, w)) = £(r + £, #£w). If, in addition, there exists -D = {D(t, uj) : r G R, ui G 
0} G 2? such that £(r, uj) belongs to D{r,uS) for all r G R and w£(!, then £ is called a P-complete 
quasi-solution of <£. 

(iii) A complete quasi-solution £ of $ is said to be periodic with period T if £(r + T, w) = £(t, w) 
for all t G R and w G fi. Such a solution is called a random periodic solution in [53J. 

Definition 2.3. A cocycle $ is said to be P-pullback asymptotically compact in A if for all r G R 

and well, the sequence {3>(£ n , r — t n , #-t n ^j x n )}^ =1 has a convergent subsequence in A whenever 
t n — > oo, and x n G S(r — t n ,0-t n w) with {-B(r, a;) : r G R, ui G SI} G P. 



Definition 2.4. Let T> be a collection of some families of nonempty subsets of X and A = {A(t, u) : 
r € R, cj £ $7} € P. Then ^4 is called a D-pullback attractor for <J> if the following conditions (i)-(iii) 
are fulfilled: 

(i) A is measurable and A(t,ui) is compact for all r € R and well. 
(ii) A is invariant, that is, for every r € R and u G S7, 

$(£, r, w, «4(r, w)) = A(t + t, 4 w), V t > 0. 

(iii) For every 5 = {S(t, cj) : r € R, u) G 0} E 2? and for every t€R and well, 

lim d($(i, r - t, 6- t u, B(t - t, 6- t u)), A(t, u)) = 0. 

t— >oo 

If, in addition, there exists T > such that 

A(t + T,u) =A(t,uj), Vrel.VwGS], 
then we say A is periodic with period T. 

The following result can be found in [51] . For similar results, see [Ulll ^ m? ! I25J . EH]. 

Proposition 2.5. Let D be an inclusion-closed collection of some families of nonempty subsets of 

X, and $ be a continuous cocycle on X over (O, J-, P, {9t}te«.) ■ If ^ is V-pullback asymptotically 

compact in X and <J> has a closed measurable V-pullback absorbing set K in V, then <3? has a V- 

pullback attractor A in V. The D-pullback attractor A is unique and is given by, for each r G R 

and ui £ S7, 

A(t,u) = £1(K,t,u) = \J n(B,r,u) 

Bev 

= {^(0,t,uj) : ip is a V -complete solution of <J>} 
= {£(r, oj) : £ is a V-complete quasi- solution of$>}. 

If, in addition, both $ and K are T -periodic, then so is the attractor A. 

Remark 2.6. We emphasize that the attractor A in Propositions 12.51 is (J 7 , B(X))— measurable 
which was proved in |52j. While, the mcasurability of A was only proved in [51] with respect to 
the P-completion of T . 



3 Nonlinear Stochastic Equations 

In this section, we introduce the nonlinear stochastic PDEs we will study. Suppose Q is a bounded 
smooth open set in R n with boundary dQ. Consider the stochastic parabolic equations with 
multiplicative noise defined on (t, oo) x Q with rGl: 

du du 

— Art = j(t,x,u) + g(t, x) + era o — , x <E Q and t > r, (3-1) 

with boundary condition 

u = 0, x G dQ and t > r, (3.2) 

and initial condition 

u(t,x) = u T (x), x G Q, (3.3) 

where a is a positive constant, g G Ll oc (R, L°° (Q)) , u is a two-sided real- valued Wiener process 
on a probability space, and the symbol o indicates that the equation is understood in the sense of 
Stratonovich integration. The nonlinearity f :MxQxM — >■ M is continuous in (t,x,s) GKxQx R. 
We further assume that / is locally Lipschitz continuous in s G K in the sense that for any bounded 
intervals I\ and h, there exists L > (depending on I\ and h) such that for all t G I\, si, S2 G ^2 
and x £ Q, 

\f(t,x,s 1 )-f(t,x,s 2 )\<L\s 1 -s 2 \. (3.4) 

Let A be the first eigenvalue of the negative Laplacian on Q with homogeneous Dirichlet boundary 
condition. Suppose that there exist /3 G (0, A) and h G Lf oc (J\l, L°°{Q)) such that 

f(t,x,0) = and /(t,x, s)s < /3s 2 + /i(t,x)|s|, for all t G R, x G Q and sei (3.5) 

Throughout this section, we assume that 5 is a fixed constant such that 

< 6 < A - p. (3.6) 

Suppose g and /i satisfy the following condition: for every rel, 

""" n \9(s, -)IIl-(q) + \Hs, -)IIl-(Q)) ds < oo, (3.7) 



e 

oo 



where 5 is as in ()3.6|) . Sometimes, we also assume g and h have the property: for every c > 0, 

reR and lo £ Q, 

lim e cr / e**(|| 5 (s + r,.)||r<» W ) + ||fc(a + r,.)|U«.(Q))<fa = 0. (3.8) 



Note that f|3.8j) implies f|3.T[) . To describe the probability space that will be used in this paper, we 
write f2 = {u € C(R, R) : w(0) = 0}. Let J- be the Borel c-algebra induced by the compact-open 
topology of Q, and P be the corresponding Wiener measure on (O, J 7 ). There is a classical group 
{^<}teK acting on (O, P, P) given by 9tu:(-) = u(- + t) — oj{t) for all u £ £1 and t£l. In addition, 
there exists a ^-invariant set Cl C Q of full P measure such that for each u> € £1, 

oj(t)/t ->■ as t-> ±oo. (3.9) 

Hereafter, we only consider the space f2, and hence write O as f2 for convenience. Let u(t, r, w, /, 5, u r ) 
be the solution of problem (|3.ip - (|3.3p and v be a new variable given by 

v(t,T,u, f,g,v T ) = z(t,uj)u(t,r,uj, f,g,u T ) with v T = z(t,uj)u t , (3.10) 

where z(t,w) = e _aaj(t) . From (|3"7[> (|5~3" ]) we get 

— Av = z(t,u})f(t,x,z~ 1 (t,u})v) + z(t,uj)g(t,x), i£Q and t > r, (3.11) 

at 

with 

^|c9<2 = and v(t,x) = v T (x). (3-12) 

It follows from [38] that for every t £ M, oj £ Q and v T € Co(Q), there exists T > such that 
the deterministic problem A3. 11[) - (I3. 12f) has a unique solution v € C([t,t + T),Co(Q)) given by the 
variation of constants formula 

v(t, r, u, f, g, v T ) = e^-^Vr + j z(s, oo)e A ^ (/(a, •, z" 1 (a, uj)v(s)) + 5 (s, •)) ds, (3.13) 

for all £ G [r, r + T), where A is the Laplacian. Moreover, the solution depends continuously on 
v T in Cq{Q) and is measurable with respect to to G £1. By Lemma 13.21 below, the the solution v is 
actually defined for all t > r. Note that condition (|3.5p implies for every w £f!, 

z(i,u;)/(i,x,.z -1 (i,u;)s)s < f3s 2 + z(t,u)h(t,x)\s\, t € M, x € Q and sGl. (3.14) 

We will use ()3.14p to control the solutions of (|3.1ip by the linear equation: 

dv 

— Av — f3v = z(t,oj) (h(t,x) + \g(t,x)\) , xGQ and t > t, (3.15) 

ot 

with 

v\dQ = 0, and u(r, x) = v T (x), xGQ. (3.16) 



For convenience, we write A = —A — (31. Then it is known that A is a generator of an analytic 
semigroup, denoted {e~ }t>o, i n Cq(Q) (see, e.g., [38]). Given r € R, uj € and u T G Cb(Q), 
problem (|3.15p - (|3.16|) has a solution v € ([t, oo), Cb(Q)) given by 

v(t,T,u,g,h,v T ) = e- A{t ~ T) i T + I z{s,u)e- A{t - s) (h(s,-) + \g(s,-)\) ds, (3.17) 



for all t > T. A mapping £ : R x — > Cq(Q) is called a complete quasi-solution of problem 
(J3TT5]) - ([3TT6T) if for every r Gl, t >0andwGfi, 

S(i + r,r,uT T ,0,fc,£(r,a;)) = £(t + t,J), (3.18) 

where w* is the translation of uj by t; that is, w (■) = oj(- + t). Note that such a mapping £ is used in 
|53| for the definition of random periodic solutions. Similarly, from now on, we will use /*(-,x,s), 
<?*(•, x) and h (■, x) for the translations of /, g and h in their first argument by t, respectively. The 
dynamics of the linear equation (J3.15P is well understood as presented below. 

Lemma 3.1. Suppose f|3.T[) - fj3.8j) hold. Then problem f|3.15[) - ()3.16j) has a unique tempered complete 
quasi-solution ^:lx!l4 Cq(Q), which is given by, for each t € R and uj € Q., 

£(*,")= / e^(s^)(^(s,-) + |5*(s,-)|)^ (3.19) 

In addition, £ pullback attracts all solutions in the sense that for every t > 0, r € R and w € r2, 

||{;(t, r - 1, uj~ t , g, h, u T _ t ) - £(r, ^)llc (Q) 

< Me-( A -«' (||Cr- t |lc (Q) + ll^ T " t'^WcoiQ)) > ( 3 - 2 °) 

where M is a positive constant independent of t, r and uj. 

Furthermore, if g and h are periodic with period T > 0, then so is £, i.e., £(t + T,uj) = £,(t,ui) 
for all t £ R and w € f2. 

Proof. The proof is quite standard, see, e.g., [231 IM]- First, by (|3.6p and (|3.7p . one can verify that 
the integral on the right-hand side of (J3.19P is well defined. We now show that £ is a complete 
quasi-solution. For convenience, we write (p(t,x) = h(t,x) + \g(t,x)\. By (J3.17P and (J3.19P we have 



v(t,0,u,g T ,h T ,£(T,uj)) = e 



- m Z{t,u)+ [ e- A{t - s) z(s,uj)ip T (s,-)ds 
Jo 



t rO 

e- A( - t - s) z(s,u)if T (s,-)ds= / e As z{s,J)ip t+T {s,-)ds. (3.21) 



It follows from (J37T9J) and (pT2TJ) that for each r £ R, t > and w £ O, 

v(t,0,uj,ip T ,£(T,Lj)) = £(t + £,w*), 

which implies (J3.18P and hence £ is a complete quasi-solution of problem (I3.15p - (l3.16p , Next we 
prove that £ is tempered. Given c > 0, let v = ^ min{c, (A — /3 — 5)}. Note that for each ui G fi, 
there exists so < such that for all s < so, 

-auj(s) <-vs. (3.22) 

By (|3.22p we have for all t < so, T G R and w£S, 

o 



« ■■|lt(r + t,a; t )|| c7o(5) < e ct / ||e A ^(s,u;> T+t ( S , -)IU-(Q)^ 



~oo 







< Cl e( c -^ / e 3( A -/ 9 -^e fa [|^( 8 + r + t)|U«» (Q) (fo<c ie 3 d / e 5s Ms + T + t)\\ LO o {Q) d s , 

J—oo J— oo 

from which and (j3.8|l . we get that for every c > 0, t £ I and ui € Q, 

t Km ) e«*||e(r + t,a;*)|| Cb( j5 ) = 0. 

Therefore £ is tempered. We now establish the stability of £. It follows from (J3.17P and (|3.19p that, 
for every t > 0, r € M and cj G fi, 

u(t, t - t, w~ T , 5, /i, v T -t) - £(r, w) = v(t, 0, w~ 4 , y? T ~ 4 , u T _ t ) - £(r, w) 

JO 

= e - At v T - t - J e As z(s,u:)tp T (s,-)ds. (3.23) 

J — oo 

On the other hand, by (|3.19p we have 

e~ M i{r - t, uT*) = / e A( - s - l h{s, w-*)p T -*(s, •)<** 

J— oo 
^As^/„ i j. , .— t\,„T— 1(„ i + \j / „As, 



e As z(s + t,u' t )(p r -\s + t,-)ds = / e As z(s,w)^ r (s,-)ds. (3.24) 

) J —oo 

By (J3T23]) - (pT24"|) we get that, for every t > 0, r € R and u; G O, 

||{i(r, r - i, w" T , g, /i, u T -t) - £(r, w)|| Co ($) = ||e~ A '(£ T _ 4 - £(r - t, w _ *))|| Co (5) 

9 



< Cl e-( A "^ (Wvr-tWc^ + U(r - t, w-*)!!^) • (3.25) 

Note that the uniqueness of tempered complete quasi-solutions of (13. 15f) - fl3. 16|) is implied by f|3.25j) . 

This completes the proof. D 

Next, we establish the global existence of solutions for the deterministic problem (|3.11|) - (|3.12p . 

Lemma 3.2. Suppose (|3.4p - (|3.5j) hold. Then for every r G R, uj G 0, and v T G Cq(Q), the solution 
v(t,T,co, f,g,v T ) of problem (|3.11|) - (|3.12p is defined for all t > r. 

Proof. Suppose [t,T) be the maximal interval of existence of the solution v(t,r,uj, f,g,v T ) with 
T < oo. We only need to prove that v(t,r,oj,f,g,v T ) is bounded in Cq(Q) for all t G [to,T). Let 
v(t, T,u,g, h, \v T \) be the solution of the linear problem (I3.15p - (]3.16p with initial condition \v T \. By 
the comparison principle we get, for all t > r, 

\v(t,r,u,f,g,v T )\ < v(t,T,u,g,h,\v T \). (3.26) 

By (pUTp we obtain, for all t G [t,T), 

HSfoT.w^AKDHc^ < IK A(i ~ r) Hllc (Q) + II / z{s,u)e- A{ ±-^ (h(s,-) + \g(a,-)\)d8\\ Co( ^ 

< ce -(X-m-r) llvAco{ _ + C jf |*( a>W )|e-C A -»^')(||^,0|k-(Q) + ||^ > OllL- W ))cfa. 

Since g, h <E Lj oc (M., L°°(Q)), we find from the above that there exists ci > such that 

||u(* 5 t,w,5,/i, KI)||c (q) ^ c i' for all r<t<T, 
which along with (|3.26[) concludes the proof. D 

By ()3.10p and Lemma I3T21 we can define a map <E> : R + xRxHx Cq(Q) — > Cb(Q) for problem 
([3TT^ -f[3TH ]) . Given t G R+, r G R, w G and u T G C (Q), let 

$(t,T,W,M T ) = u(t + r,T,9- T u,f,g,u T ) = —r— — j. rv(t + T,T,9- T U), g,h,v T ), (3.27) 

where v T = z(t, 9- t uj)u t . Note that v is continuous in v T in Co((5) and is measurable in uj G £7. One 
can check that $ is a continuous cocycle on C${Q) over (Q, J 7 , P, {9t}tem.) in the sense of Definition 
12. 1L By (I3.10p . we have the following identities which are useful in later sections, for each r G R, 
wd!] and t > 0, 

u(t, t -t, 9- t uj, f, g, u T - t ) = u(0, -t, u>, f T ,g T ,u T - t ) 

10 



= v(0, -t, uj, f T , g T , z(-t, u)u T -t) = v(t, t -t,uj T ,f,g, z(-t, uj)u r - t ). (3.28) 

Let D = {D(t, w) :TGR,wGfi}bea tempered family of bounded nonempty subsets of Cq(Q), 
that is, for every c > 0, r G R and oj G fi, 

lim e cr ||D(T + r ) 5 r w)|| Cb (gj=0, (3.29) 

where we have used the notation \\B\\ C ,-q-. = sup \\u\\ c ,-qs for a subset B of Co(Q). From now on, 

uGB 

we use V to denote the collection of all tempered families of bounded nonempty subsets of Cq(Q), 
i.e., 

V = {D = {D(r,u) : r G R,w G 0} : £> satisfies flH^gj) }. (3.30) 

From ()3.30p we see that X> is neighborhood closed. 

4 Tempered Attractors and Periodic Attractors 

In this section, we prove the existence of a unique tempered random attractor for the stochastic 
problem ()3. 1 j) - f)3.3|) with non-autonomous term g. In the case where / and g are periodic, we show 
the attractor is also periodic. We first derive uniform estimates of solutions in Cq{Q). 

Lemma 4.1. Suppose (|3.4p - (|3.8p hold. Then for every r G R, uj G O and D = {D(t,u>) : r G 
R, w G ri} G T>, there exists T = T(t,uj,D) > 1 such that for all t > T and r G [r — l,r], t/ie 
solution v of problem ()3. ll[) - f|3.12j) satisfies 

\\v(r, t - t, uj- t , /, 5, u T _ t ) || Co( ^ 
<M + Me-( A ^ f e ( A -^z( S ,^-)(||^,-)llL-(Q) + ll5(s,-)||L-(Q))^, (4.1) 



OG 



where v T -t = z(—t,uj)u T -t with u T -t G D(r — t,9—t^)> an d M is a positive constant depending on 
A and /?, 6n£ independent of r, uj and D. 

Proof. Given r G R, r G [r — 1, r] and t > 1, by (|3.17p we have 

||tKr,7--t,w -T ,0,/i,Ur---t)|| Cb (g) < ||e- A(r - r+ V-4|| Co( Q) 

z( S , W ^)||e-^- s ) (fc( S> .) + | 5 ( S ,-)|) Hiocda 



T-t 



< rip -(A-/3)(r-r+t)|| I, _ 
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+ Cl e-( A "^ / e( A -^( S ,^)(||M S ,-)ll^(Q) + ||5(^-)boc (Q) ). (4.2) 

Jr-t 

Since v T -t = z (—t, u)ur~t with n T _t £ -D(r — t, 9-toj), we find that there exists T = T(t, uj, D) > 1 
such that for all t >T, 

t-ic \\ u T-t\\c (Q) — L - K^- ) 

On the other hand, by (|3.7p one can verify that the following integral is convergent: 

e^-^zis,^) (\\h(s, .)|U=c (0) + ||g(s, -)[|l«. W )) ^ < oo. (4.4) 

oo 

It follows from (|Q]l - (|0|l that for all t > T, 

\\v(r, r-t, u~ T , g, h, v r -t) \\c Q (§) 

< l + Cie A-/3 e -(A-/3)r r eCA-^^^^-T) (H^OIUoo^) + ||^,0llL-(Q)) , 
J— oo 

which along with the comparison principle yields the lemma. □ 

Based on Lemma 14.14 we have the following uniform estimates on solutions of problem (13. llh - 
(|3.12p which imply the compactness of the solution operators. 

Lemma 4.2. Suppose (pT4>(pT8]) hold and g € L% C (R, L°° (Q)) . Then for every t eR, lo en and 
D = {D(t,lo) : r G I,w G fi} £ P, there exists T = T(t,uj,D) > 1 such that for all t > T and 
7 € [0,1), the solution v of problem f|3. lip - (|3.12j) satisfies 

\\ A V ( T i T ~ *» W ~ T ' /> 9, V r-t)\\ Co (Q) < C > 

where v T -t = z(—t,oo)u T -t with u T -t G D(t — t, O-tOu), Aq = —A with homogeneous Dirichlet 
boundary condition, and C is a positive number depending on r and oo. 

Proof. Note that z(s, oj) = e~ auj ( s ' and z~ l (s,ui) = e auJ ( s > are both continuous in s € R. Therefore, 
by ((33]) and flU) we find that, for every r G R, ui G O, s € [r - l,r] and t > T, 

^(•s,w" T )|/(s,-,^~ 1 ('S,w~ T ) v(s,T-t,u~ T ,f,g,v T - t )) | < ci, (4.5) 

where ci = c\(t,uj) is a positive number. By (I3.13P we get, for each r G R, w G and i > 1, 

v(t, t -t, u~ T , /, g, v r -t) = v (t, r - 1, w~ T , f,g,v(r -1,t - t, lo~ t , f, g, v T -t)) 

= e~ A °v(r - 1, r - t, w" r , /, g, v T - t ) 
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+ / z(s,uj- T )e- A ^-^ (/ {s,.,z-\ S ,u-*) v {s,t -t,u- T , f,g,v T - t )) + g(s,-)) ds. (4.6) 

Jt-1 

It follows from (|4.ip . (|4.5p and (|4.6p that there exists T = T(t,uj,D) > 1 such that for each 
7 € [0, 1), t G E, u G and £ > T, 

||^(r,r-t,a;- r ,/, ^Ur-tJIIci,^ 

< ||^e" Ao w(r - l,r - t, uT T , /, 5, v r _ 4 ) || Co( ^ 

+ f «(a, cOK^ ^ (/ (s, ■, z~ l (a, uT T ) u (s, r - t, w" r , /, <?, « T _ t )) + g(s, •)) || ioo W) 



T-l 



< c 2 e x \\v(t -1,t -t,uj T ,f,g,v T -t)\\ Co (Q ) 

+^^^^^"^^1^-^ (ll/Cs,-,^- 1 ^,^— )^( S ,^-t,a;— ,/,5r,^_0) lla„(Q) + lb(s,-)ll^(Q)) 

< c 3 +c 3 (l + ||ff|U<x>(( T _i jT ) )i00 (Q))) / (r-s) _7 ds. 

Jt-1 

This completes the proof. D 

Let D(Aq) be the domain of Aq with 7 > 0. Then we know that for each 7 > 0, the embed- 
ding D(Aq) <—> Cq{Q) is compact. This along with Lemma 14.21 immediately implies the pullback 
asymptotic compactness of solutions of problem f)3. llf) - (13. 12H in Cq(Q) as stated below. 

Lemma 4.3. Suppose fl23])-([22D hold and g G Lf£J(R, L°° (Q)) . Then for every r G M, w G O, 
L> = {-D(t, w):Tel,w£(!}eD and t n — > oo ; vq :U = z(—t n , w)uo,n with uo, n G D(r — i n , 0-t n w), 
the sequence v(t,t — t n , uj~ t , /,<?, fo,n) of solutions of problem (|3.1ip - (|3.12p /ms a convergent sub- 
sequence in Cq(Q). 



W now prove the existence of closed measurable D-pullback absorbing sets for problem (I3.ip - (|3.3p . 



Lemma 4.4. Suppose (I3.4p - (l3.8p hold. Then the continuous cocycle <£ associated with problem 
(|3.ip - (|3.3p has a closed measurable V -pullback absorbing set K = {K(t,uj) : r G R, w G 0,} £ T> 
which is given by 

K i T ,u) = {u G C (Q) : ll^llco(Q) - ^C^)} 
with 

R(t,u) = M + Mz- 1 (r,9^ T u J ) [ T e^^ s - T h(s,e. T uj) (||/»(a,-)llr»«) + ||<7(*,-)IU<»«)) ds, 

J —00 

where M is a positive number depending on A and j3, but independent of t,oj and D. 

13 



Proof. By (|3.28p and Lemma 14.11 there exists T = T(t,oj, D) > 1 such that for all t >T, 
\\u(t, r-t, 9- T u, f, g, Ur-t )\\c (Q) = IN T > T ~ t, W T , f, g, z(-t, u)u T -t)\\ Co (Q) 
<M + M f T e^^ s - T h(s,u- T )(\\h( S ,-)\\L^(Q) + \\g(s,-)\\L^(Q))ds 

J — oo 

< M + Mz-\T,e-ru) [ T e( x -^ s ~ T h(s,e_ T u) (\\h(s, OIIl^q) + ||^(«, -)IU-«)) da, 

J —oo 

from which we get for all t > T, 

$(t,T - t,e_ t u,D(r - t,6_ t u})) C K{t,uj). 

Note that, for each r£l, K(t, ■) : £1 —> 2 H is a measurable set-valued mapping because R(t, •) : 
fi — >• R is (J 7 , 0(R))-measurable. Next, we prove K is tempered which will complete the proof. 
Actually, for each r € R, w S ^ and r < 0, we have 



ICo(Q) 



|if(r + r, 9 t oj) 
<M + Mz~\t + r, e- T u) [ T ' " e( A -«( s - T - r )^(s, 0„ T u) (||/»(s, .)||l«(Q) + ||<7(«, OIU-(Q)) ^ 

J — oo 

< M + Me m « f r e (A-/3)(,-r-,) e — (-r) (|| ft(S) .)|| Loc(Q) + | b(S) .)|| Loo(Q) ) ds 



— oo 



< M + Me^M /"° e (A-/J-*). e -a«C+r) e *< (H^ + T + r , .)|| LOO(Q) + || 5 ( s + T + r , .)b« W) ) da. 

J — oo 

(4.7) 
Given a positive number c, let 

e = min{A - /3 - 5, jc}. (4.8) 

By (|3.9p we see that there exists iVi < such that 

\ct u(r)\ < — et for all r < N\. (4.9) 

By dM])-(IM]) we have, for all r < Ni, 

\\K{ T + r,9 r uj)\\ CQm 

<M + Me" 2 - f e ^-fi-S-e). e 5. {\\h(s + r + r, -)IU- (Q) + ||g( S + r + r, -)|k~ (Q) ) ds 

J-oo 

1 /*° 

< M + Me"2- / e Ss (\\h(s + r + r, -)||l~(Q) + \\g(s + r + r, -)||r<»«)) ds. (4.10) 

J-oo 
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By (|4.10p and f|3.8[) we find, for every positive constant c, 



lim_y r \\K( T + r,e r u;)\\ Com =0, 



r— >— oo 



and hence K = {K(t,uj) :TGM,wGfi} is tempered, as desired. □ 

We now present the 2?-pullback asymptotic compactness of problem (|3. ip ~ f|3.3j) . 



Lemma 4.5. Suppose ()3.4p - fj3.8j) hold and g G Lf£ (R, L°° (Q)) . Then the continuous cocycle $ 
associated with problem (|3. 1 p - f|3.3|) is D-pullback asymptotically compact in Cq{Q), that is, for every 
t G R, uj G Q, D = {D{t,uj) : r G R, w G £1} G D, and t n — > oo, uo, n G D(t — t n ,6-t„uj), the 
sequence $(t n ,r — t n ,9-t n ui,Uo >n ) has a convergent subsequence in Cq{Q). 

Proof. This lemma is an immediate consequence of equality (|3.28j) and Lemma 14.31 □ 

As mentioned before, if <£ is D-pullback asymptotically compact, then the attractor A of $ is 
(J 7 , B{X))— measurable as proved in [52]. The measurability of A with respect to the P-completion 
of J- was proved in [51] . The author is also referred to [181 1251 [4"4"[ for measurability of random 
attractors. 

We are now ready to prove the existence of pullback attractors for problem ()3.ip - ([3.3p . 

Theorem 4.6. Suppose (|3.4p - (|3.8|) hold and g G Lf£ c (R, L°° (Q)) . Then the continuous cocycle $ 
associated with problem ()3.ip - (|3.3p has a unique D-pullback attractor A = {A(t, uj) : r G R, U) G 
fi} G T> in Cq{Q). Furthermore, for each r G R and uj G £1, 

A(T,oj) = n(K,T,uj)= |J n(B,r,u) 

Bev 
= {ip(0,T,oj) : ip is a T>— complete solution 0/$}, 
= {£(t, uj) : £ is a T>— complete quasi- solution of &}, 
where K is the closed measurable D-pullback absorbing set of & given by Lemma \4-4\ 
If, in addition, there exists T > such that for all t G R, x G Q and s£l, 

f(t + T,x,s) = f(t,x,s), g(t + T,x) = g(t,x) and h(t + T,x) = h(t,x), (4-11) 

then the attractor A is T -periodic, i.e., Air + T,oj) = A(t, uj). 
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Proof. By Lemma 14.51 we know that $ is Z?-pullback asymptotically compact in Cq{Q). Since <3? 
also has a closed measurable P-pullback absorbing set K, it follows from Proposition 12.51 that $ 
has a unique P-pullback attractor A in Cq(Q) with the given structure. On the other hand, if 
(|4.1ip is fulfilled, then the cocycle $ and the absorbing set K are both T-periodic, and so is the 
attractor A. 

□ 

5 Maximal and Minimal Random Complete Solutions 

In this section, we first discuss the existence of tempered complete quasi-solutions of problem (|3.ip - 
(|3.3p which are maximal and minimal with respect to the random attractor A. We then consider the 
existence of tempered random periodic solutions. The stability of these solutions is also examined. 

Theorem 5.1. Suppose (J3^4>(J3Tgj) hold and g G Lf oc (M, L°°(Q)). Then problem (JXlJ-dSD has 
two tempered complete quasi-solutions u* and u* in Cq{Q) such that for all r G E and u G VL, 

u*(t,uj) G A{t,ui), u*{t, uj) G A(t, uj) and 

u*(t,uj)(x) < u(x) < u*(t,uj)(x) for all u G A(t,uj) and xGM , (5.1) 

where A is the unique pullback attractor of problem f)3. 1[) - (|3.3|) in Cq(Q). The maximal complete 
quasi- solution u* is asymptotically stable from above in the sense that for every D = {D{t, uj) : r G 
M.,uj G SI} eP and ip{r,ui) G D{t,uj) with i!j(t,uj) > u*(t, uj) for all r G M and w G fi, i/ie cocycle 
<3? associated with problem (|3.ip - (|3.3p satisfies, for each r G M and a; G S7, 

lim <&(t,T-t,6- t u},^(T-t,9-tU})) = u*(t,uj), in C q (Q). (5.2) 

T/ie minimal complete quasi- solution u* is asymptotically stable from below in the sense that for 
every D = {D(t,uj) : r G R, w G fi} G £> and ifj(r,uj) G D(t,oj) with vJj(t,uj) < n i( ,(T, w) /or a// 
r G M and cj G 17, the cocycle <3> associated with problem (|3.ip - (|3.3p satisfies, for each r G M and 
a; G fi, 

lim $(t,r — t,6-tui, i\j(t — t, 9-tui)) = u*(t, uj), in Cq(Q). (5-3) 

t— >oo 

Proof. Let £ be the unique tempered complete quasi-solution of problem (|3.15j) - f|3.16j) in Cq(Q) as 
given by (I3.19p . By (I3.5P we find that £ and — £ are super- and sub-solutions of problem (13. llf) - 
(|3.12p . respectively. Next, we prove that for every r G M and uj G SI, there exist u*{t,uj) and 
n*(r, w) in A(t, uj) such that 

lim \\u(t,t -t,9- T u,f,g,£(T -t,6- t u)) - u *( T ^)\\c (Q) = °> ( 5 - 4 ) 



t— >-oo 
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and 



lim \\u(T,T-t,0- T u),f,g,-£(T-t,9- t u;))-u*(T,uj)\\ c(U) =0, (5.5) 



t— >oo 



where u(t, t — t, 9^ t uj, f, g, ±£(t — t, 9-tUj)) is the solution of problem (|3.ip - (|3.3p with initial data 
±£(r — t, 9-tw) at initial time r — t. We will further prove that u* and u* are both tempered 
complete quasi-solutions and have the desired properties as stated in Theorem 15.11 

By ([5jZgD we find that, for every r e 1, w S O and i > 0, 

u{r, t -t, 0_ T w, /, g, f (r - t, 0_ t u;)) = u(r, r - t, u~ T , f, 5, z(-t, w)£(r - t, 0- t u)). (5.6) 

By (J37T9]) we have 

z(-t, w)£(t - t, 0_ t w) = £(r - t, w-*), 

which along with (|5.6p implies 

u(t, T-t, 9- T u>, f, g, £(t - i, 0_ t w)) = u(r, r - i, w" r , /, 5, £(r - i, w~*)). (5.7) 

Let ti > t 2 > 0. By the comparison principle we have 

v(t -t 2 ,T- h,u)- T , f, g, f (r - h, uj- 11 )) < v(t -t 2 ,r- h,uj- T ,g, h, f (t - *i, w - * 1 ))- (5.8) 

Since £ is a complete quasi-solution of problem (|3.15|) - (|3.16p . we get 

v(t -t 2 ,r- h,uj- T ,g, h,S(r - iijW""* 1 )) = f(r - t 2 ,u~ t2 ), 

which together with (|5.8j) shows that 

u(t - t 2 ,r - ii, W - T ,/, ff ,e(r - ti,^-* 1 )) < £(r - t 2 ,uT t2 ). (5.9) 

By (|5.9p and the comparison principle, we obtain 

v(t,t -t 2 ,uj' T ,f,g, v(t -t 2 ,T -ti,U)~ T ,f,g,£(T -t^w - * 1 ))) 

< v(t,t -t 2 ,uj- T ,f,g, £(t -t 2 ,LJ~ t2 )), 
which implies that for all t\ > t 2 > 0, 

v(T,T-t 1 ,oj- T J,g^(r-t 1 ,u;- tl ))<v(T,T-t 2 ,co-' r J,g, £(t - t 2 ,uT i2 )). (5.10) 

Therefore, for each r£l and uj 6 Cl, v(t, t — t, uj~ t , f, g, £(r — t, uj~ 1 )) is monotone in t E R + , and 
so is u(t,t — t,9- T UJ, f,g,£(r — t,9-tiS)) by (|5.7p . Since £ is tempered, by the attracting property 
of A, for each r£l and cj £ CI, 

lim _dist Co( g ) (u(t,t -t,9- T uj,f,g,£(T -t,9- t uj)), A{t,u))) =0. (5.11) 



4— ^00 
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By the compactness of A(t,ui) in Cq{Q), we find that for each t > 0, there is uo(r,uj,t) E A{t,uj) 
such that 

\\u(t, t -t, 8_ t lj, f, g, £(r - t, 6- t u)) - u (r, u, £)Hc (Q) 

= dist c (Q) ( n ( r ' T ~ *' ®-rU, /' #> £ ( r - t, 9- t u)), A(t, uj)) . (5.12) 

By (|5TTl>(|5T2l we find 

mn^llufar -t,6- T u,f,g,€(T -t,6- t u))) - uofau^)]]^^ = 0. (5.13) 

Since uq(t, uj,t) G A(t, uj) for all £ € R + and ^4(r, w) is compact in Cq(Q), we see that there exist 
u*(t, uj) & A(t,uj) and a sequence {t n }^ =1 with t n — )• oo such that uo(T,uj,t n ) — > u*(t,uj) in Co(Q). 
This and (|5. 13[) imply 

lim \\u{t,t -t n ,6_ T uj,f,g,£(T -t n ,6^ tn u)) - u*(t,uj)\\ c ( q) = °- ( 5 - 14 ) 

Since u(t, t — t, 9^ t uj, /, g, £(r — t, 9-t&)) is monotone in £ G M + , we find from fl5. 14f) that, for each 

reR and uj £ Q, 

lim ||n(r,r - t,9_ T L}, f,g,£(r -t,9- t ui)) -u*(t,u)\\ c ( q) = 0. (5.15) 



t— >oo 



Thus (|5.4p follows. Given r € R, replacing r by r + r and a; by 9 r uo in (|5.15p we obtain 

lim \\u(r + r,r + t - t,9- T u, f, g,£(r + r - t,9 r - t u)) - u*(r + r,9 r uj)\\ c ■ ^ = 0. (5.16) 



4— >oo 



We now prove that u* is a complete quasi-solution of problem (|3.ip - (j3.3p . By ()5.15p and the 
continuity of solutions in initial data in Co(Q), we obtain that for every r G R + , r G R and uj G fi, 

u(r + r, r, 6L r , /, 5, u*(t, uj)) 

= lim -u(r + r, r, 6L T , /, g, n(r, r - t, 0_ T w, /, g, £(r - £, 0-*w))) 

t— >oo 

= lim u(r + t,t - t, 8- t uj, f, g, £(t - i, 6Uw)) 

I— >oo 

= lim u(r + r, r + r — s, 8~ t uj, f, g, £(r + t — s, 9- s 9 r uj)) (where s = r + t) 

= lim u(r + r,r + r — t, 9~ t uj, f, g, £(r -f r — t, 8-t9 r uj)). (5-17) 

It follows from (J5TT6>(J5TT7|) that for every r G R + , r G M and w e fi, 

u(r + t,t,9- t uj, f, g,u*(r,uj)) = u*(r + r,9 r uj), 
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which shows that for every r G R + , r£l and uj G f2, 

$(r,T,u>,u*(T,u;)) = u*(r + T,9 r u). (5.18) 

By definition we see that u* is a complete quasi-solution of <£. Since A is tempered and u*(r, u) G 
-4(r, w) for all r € R and u G fi, we know that u* is also tempered. 

By a similar argument, one can show that there exists a complete quasi-solution u* such that for 
every r € R and w G fi, it*(r, w) € A(r, w) and (|5.5p is fulfilled. 

We now prove (|5.1|) . Let r,s£ M + , r G R and u G fi. Replacing £ by r, r by r — s and a; by u~ s 
in (pT20j) . we get 

\\v(t -s,t-s- r,Lj- T ,g,h,v T - s - r ) - £(t - s,uj~ s )\\ Co( q } 

< ce~^ )r (\\vr- s -r\\ Com + U(r-s- r, U ~~ )\\ Co(m ) . 
Letting r = t — s with t > s in the above, we obtain 

\\v(t -s,r-t, uj~ T ,g, h, v r -t) - Oj - s, uj~ s ) \\ Co (Q) 

< ce-^-^-°) (\\v T . t \\ am + ||«r-t )W -*)llcb«)) ■ ( 5 - 19 ) 

Suppose D G T> and n T _t G D(r — t,0-tw). Letting v T -t = z(—t,u;)\u T -t\ in (|5.19p . we get 

\\v(t -s,t- t,u~ T ,g, h,z(-t,u)\ur-t\) - £(r - s,^)^^ 

< «,-(*-«(*-) (UzH.o;)^*^^ + [|«T-t ) w-')llcbfl)) • ( 5 - 2 °) 

Taking the limit of (|5.20p as t — > oo, we obtain, for every s G R + , r G R and u£D, 

lim ||i)(r-s,r-t,a;~ T ,c/,/i,2;(-t,a;)|n T _i|) - f(r - s, uj~ s )\\ c n( Q ) =0. (5.21) 



t— >oo 



By (|5.2ip and the continuity of solutions, we find that 



lim v(t,t-s,u T ,f,g,v(r-s,T-t,uj T ,g,h,z(-t,uj)\u T - t \)) = v(t,t - s,uj T , f,g,£(r- s,U) s )) 

t— >-oo 

(5.22) 
in Cq{Q). By the comparison principle, we have 

v(t - s,t- t,u~ T , f, g, z(-t,u})\u T - t \) <v(t-s,t- t,u~ T ,g,h,z(-t,u>)\u T - t \), 
which along with the comparison principle again implies 

v(t, t-s, uj~~ t , /, g, v(t - s,t -t, uj~ t , /, g, z(-t, u>)u T - t )) 
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<v(t,t-s,uj T J,g,v(T - a,T -t,u T ,g,h,z(-t,uj)\u T - t \)). 
In other words, we have 

v(t, t -t, u~ T , /, g, z(-t, uj)u T _ t ) < v(t, t - s, uj~ t , /, g, v(t - s,t -t, u~ T , g, h, z(-t, u) \u r -t I))- 

(5.23) 
Letting t ->■ oo in (pT23j) . by (J5T22]) we get 

limsupt;(r, t -t, u~ T , f, g, z(-t, uS)u r -t) < v{t, t - s, uj~ t , f, g, £(r - s, oj~ s )). (5.24) 

t— >oo 

It follows from (I3T28J) . floTTD and (|5T24l that for all sGR + , 

limsupw(r,r - t,9- r u>, f,g,u T -t) < u(t,t - s,9- t uj, f,g,£(r - s,0_ s w)). (5.25) 

t— >oo 

Letting s — > oo in (|5.25|) . by (J5.15P we get, for every r G R and wGfi, 

limsupu(r, r — t,6- T u, f, g,u T -t) < u*(t, uj), uniformly on Q. (5.26) 

Given t G R, uj G £1 and u G «4(r, w), by the invariance of A, we find that, for every t > 0, there is 
u r _f € .4(r — t, 0-toj) such that u = u(t, t — t, 9^ t uj, f, g, u T _t). Therefore, by (|5.26p we find 

u(x)<u*(t,oj)(x) for all xeQ. (5.27) 

By an analogous argument, one can check that u(x) > u*(t, uj)(x) for all x G Q, and thus f)5.1|) 
follows. 

We now consider the stability of u* and u*. Suppose D £ T> and iP(t,uj) G D(t,oj) with 
V ; ( T ) a; ) > u*(r, w) for all r € R and cj € 0. By the comparison principle we get, for every £ G R + , 

r G R and uj £ Q, 

u(t,t - t,d-TU,f,g,ip(T - t,0-tu)) > u(t,t - t,9- T uj,f,g,u*(r - t,9- t u))) > u*(t,oj), 

which implies 

]imw£Q(t,T -t,d-tU},i(>(T -t,9- t uj)) > u*(t,oj). (5.28) 

t— >oo 

By (J536]) and (^28]) we find that 

lim $(t,T -t,6- t u,ip(T -t,9- t u)) = u*(t,uj), in C (Q), 

t—too 



which gives (|5.2p . The convergence of (|5.3p can be proved similarly and the details are omitted. □ 
For random periodic solutions, we have the following result. 
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Theorem 5.2. Let f|3.4|) - ()3.5j) hold. Suppose there exists T > such that (|4,lip is i/a/zei XTien i/ie 
stochastic problem ()3. 1[) - f)3.3|) /ios iwo tempered random periodic solutions u* and u* which satisfy 

(ETD-(EHD. 



Proof. Let it* and it* be the maximal and minimal complete quasi-solutions of problem (|3. l|) - f)3.3[) 
obtained in Theorem 15. 11 respectively. By (|4.1ip and Lemma [3. II we know that the unique complete 
quasi-solution £ of problem (|3.15|) - (|3.1t>p is periodic with period T. Then it follows from (|5.15|) that 
for each r £ R and cj € fi, 

it*(r + T,w) = lim u(t + T,t + T - t, L t -tw, /, g, £(t + T - £,0_ t u>)) 

t—too 

= lim u(T,T-t,9- T u,f,g,£(T -t,6- t ui)) = u*(t,u). 

t— >oo 

This shows that it* is T-periodic. The T-periodicity of it* can be justified by a similar argument, 
and the details are omitted. □ 

By Theorem 15.21 we find that the random attractor of problem (|3. l[) - ()3.3[) is either trivial or it 
contains at least two different random periodic solutions. Based on this observation, we can prove 
the existence of multiple random periodic solutions when the attractor of the equation is nontrivial. 
This idea is demonstrated by the Chafee-Infante equation presented in the next section. 

6 Bifurcation of Random Complete and Periodic Solutions 

In this section, we apply the results of the previous section to a specific model called the Chafee- 
Infante equation, and prove the multiplicity of random complete and periodic solutions. As we will 
see later, these solutions undergo a pitchfork bifurcation when a parameter varies. 

The one-dimensional autonomous Chafee-Infante equation is defined in Q = (0, ir): 

du d 2 u o . . „ . „. 

~dt ~ !h? = UU ~ l0 :r6 (°' 7r )' t>0 > (6- 1 ) 

with boundary condition 

u(t, 0) = u(t, 7r) = 0, t>0, (6.2) 

and initial condition 

u(0,x) = uq(x), x € (0,7r), (6-3) 

where v and 70 are positive constants. 
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The dynamics of problem (|6.ip - (|6.3p is well understood in the literature, see, e.g., [151 [29]. Let 
Aq = —d xx with boundary condition (|6.2p . Then the eigenvalues of Aq are A n = n 2 where n is any 
positive integer. For every n E N, Aq has an eigenvector e n = sinnx corresponding to A n . It is 
known that {e n }^ ( L 1 is an orthogonal basis of L 2 (Q). For every v E (n 2 , (n + l) 2 ) with n E N, it 
was proved by Chafee and Infante in [15] that problem (|6.ip - ()6.3p has exactly 2n + 1 equilibrium 
solutions. Moreover, using a Liapunov function, one can show that problem (|6.1|) - (|6.3p has an 
n-dimensional global attractor in Cq(Q) which is given by the union of unstable manifolds of the 
(2n + 1) equilibrium solutions for v E (n 2 , (n + l) 2 ) (see, [29]). 

Suppose 7 : R — > R is a bounded continuous function and there exists a positive number 70 such 
that 

70) > 7o, for all t E R. (6.4) 

We now consider the stochastically perturbed Chafee-Infante equation, for each r E R, 

du d 2 u , o duo 

-qI ~ q~2 =vu-j{t)u ° + auo —, xE(0,vr), t>r, (6.5) 

with boundary condition 

u(t, 0) = u(t, 7r) = 0, t>T, (6.6) 

and initial condition 

u(t,x) = u T (x), x E (0,7r), (6-7) 

where a is a positive number, and u is the two-sided real-valued Wiener process described before. 

The bifurcation and the structures of attractors of equation (|6.5p have been investigated in 
[13 1 114 1 [34"] for a = and in [12] for constant 7. We here consider the bifurcation of random complete 
solutions of problem (|6.5p - (|6.7p when 7 depends on t. As a by-product, we obtain the bifurcation of 
random periodic solutions for periodic 7. Note that u = is a solution of problem (|6.5p - ([6.7p . and 
hence the origin is a trivial random complete solution for every v E R + . Let f(t, x, s) = us — 7(t)s 3 
for all t E R, x E (0,7r) and s E R. Recall that Ai = 1 is the first eigenvalue of Aq with (|6.2p . By 
(|6.4p . one can check that conditions (|3.4|) - (|3.5[) are fulfilled for any /3 E (0, Ai) with an appropriate 
positive constant function h. Then it follows from Theorem 14.61 that the stochastic problem (|6.5|) - 
(|6.7p has a unique tempered pullback attractor A = {A(t,oj) : r E R, U) E SI}. It is evident that 
E «4(t, w) for all r E R and uj E u). On the other hand, by Theorem 15.11 we know that problem 
(|6.5p - (|6.7p has two tempered random complete quasi-solutions u* and u* in Cq(Q) with properties 
()5.ip - (l5.3p and u*(t, w), u*(r, w) E *4(r, cj) for all r E R and w E £1. This shows that «* and u* are 
the maximal and minimal random complete quasi-solutions, respectively. In addition, u* is stable 
from above and it* is stable from below. 
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Note that for each t E M , r£l and wGfi, the solution u of problem (|6,5p - (|6.7p satisfies, 

u(t, t — t, 6- T co, —u T -t) = —u(t, t — t, 9_ t uj, u T -t). (6.8) 

By (|5.4|) - ([5.5|) and (|6.8|) we get, for each r G R and uj G fi, u*(r, w) = — u*(r, w). From this and 
(|5.ip we obtain, for each r£f and wGO, 

- u*(t,w)(x) < u(x) < u*(t,uj) for all u G ^.(r,w) and cc G R n . (6.9) 

If f G (0, Ai), then it is clear that all solutions of problem (|6.5|) - (|6.7p converge to zero. Therefore, 
the attr actor A is trivial and u* = u* = 0. This shows that zero is the only random complete 
quasi-solution of problem (J6.5j) - (j6.7|) in this case. 

If 7v > Ai, then the origin becomes unstable and hence A is nontrivial. This along with (|6.9p 
implies that u* 7^ 0. So, in this case, problem (|6.5p - (|6.7p has three different random complete quasi- 
solutions: u = 0, u = u* and u = u* = — u*. We will show that v = Ai is actually a bifurcation 
point. For that purpose, we need to prove A is trivial when v = \\. 

Lemma 6.1. Suppose 7 is a bounded continuous function which satisfies ()6.4|) . If v = Ai = 1, 

then u = is the unique tempered random complete quasi-solution of problem (|6.5p - (|6.7p . In this 
case, the random attractor A is trivial. 

Proof. By (|6.9p we only need to show u* = 0. Given rGt and u G fi, for each t > r we denote by 
u(t,T,0J,u* (t,6 t uj)) the solution of problem (|6.5p - (|6.7p with initial condition u*(t,9 t uj) at initial 
time t. Since u* is a complete quasi-solution, we find that for every r G M, a; G fi and t>r, 

u(t,T,uj,u*(T,e T uj)) =u*(t,9tu) >0. (6.10) 

Since {smnx}^ =1 is an orthogonal basis of L 2 (Q), we may write 

00 
u(t, t, uj, u*(t, 9 t uj)) = y^a n (t,r, uj,a n:T ) sinnx = u\ + U2 in L 2 (Q), (6-H) 

n=l 

00 

where u\ = ai(t, t, uj,ai tT )sinx and U2 = Yl a n (t,T, uj,a n>r ) sinnrc. By ()6.10p - (|6.1ip we have 

n=2 

a±(t, t, to, a\ T ) = — / u(t,T,uj,u* (t,6 t uj)) sin x dx > 0. (6.12) 

7T Jo 



7(i) / u 3 sinx dx + aoi o — -. (6.13) 

Jo dt 



By (|6.5p with z^ = Ai = 1 we get 



<iai 2 /iN /""' 3 . , _ dw 

dt 7T 
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By Holder' inequality we have 



it sin x dx\ < 4 / u sinx dx, 
n J Jo 



from which, (|6.4|) and (|6.12p we get 



By (03]) and (|6TTD we get 



2 /"^ 7T 

-j(t) u 3 sinxdx> — 70 a?. (6-14) 

7T JO 16 



— - < -— 7 a x + aai o — . (6.15) 



di ~ 16 x dt 

Solving for a\ from (16.15h we obtain, for every r S 1, w S O and t > r 



e a(w(t)-w(r)) 

oi(t, r, o;,ai )T ) < — ' r (6.16) 



'l + ^7oaf, T Si eM-W— M) ds 
It follows from (|6.16p that, for every t G M + , r € R and cj € ft 



e -<*>(-t) ai 



oi(r,r- t, 0_ T w, ai )T _ t ) = ai(0, -i,w,ai, T _ t ) < ' =. (6.17) 

y 1 + f 7oaf iT _ t J° t e M"(s)-"(-t))ds 

By (J6.17P we find that for every r G R and u; G ft, 

limsupai(r,T-t,0_ T a;,ai r _ t ) < - ( — J limsup ( / e 2auj{s) ds) =0, (6.18) 

t^oo vr \7o/ t^oo \J-t / 

where we have used Lemma 2.3.41 in [I] for the last limit. Since u* is a complete quasi-solution, 
by (|6.12p we obtain, 

2 r 1 r 

ai(r, r — t, 6- T uj,ai r _j) = — / -u(t, r — £,6>_ t u;,-u*(t — £, #_ t u;)) sinx dx = — / it*(r, w) sin x dx 

t 1 " Jo 7T J 

(6.19) 

By (|67T8|> - ([6TT9T) we find that for every r G R and w G ft, 

/"7T 

/ u*(r,u;)smx dx = 0. (6.20) 

Jo 

By (I6TTU1) . (IBTHD and (16T2D]) we get, for every r G R, lo G ft and i > r, 

ai(t, r, w, ai T ) = — / u(t,r, lo,u*(t, 6 t lo)) sinx dx = — / u* (t,8tuj) sin x dx = 0. (6.21) 

k Jo 7T J 

On the other hand, by taking the inner product of (|6.5p with u 2 in L 2 (Q), we obtain, for every 

r G R, w G ft and t > r, 

d /' 7r do; 

^ll«2|lia(Q) + 2 ( A 2 - ^H^IliaCQ) = ~ 2 7(*) J « 3 U 2 dx + 2a||u 2 ||2 2(Q) o — 
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= -2 7 (t) / u 4 dx + 2 7 (t) / u 3 Ul dx + 2a||u 2 ||£a W) o — < 2a\\u 2 \\ 2 L 2 {Q) o — , (6.22) 

where the last inequality follows from (|6.2ip . Note that A2 = 4 and v = 1 in the present case. 
Therefore, it follows from (|6.22p that for every r G R, w € SI and t > t, 

\\vn(t t ui vn 111 2 , < p6(-r-t) 2a(w(r)-w(t)) ii ||2 c fi2 sl 

||"2^) T ; w ) U '2,TJ||£ / 2(Q) i: e e II U t||^2(q). l^O.ZOJ 

By (|6.23|) we have, for every t G R + , r G R and w G SI, 

||n 2 (r, r - t, #_ T u;, u*( T - t, ^))||| 2(Q) < e -et e -2a W (r) e 2a W (T-t) || u * (r _ t: 9 _ t0j) ||2 2(q) _ (624) 

By (j3.9|) and the temperedness of it* in Co(Q), we obtain from (|6,24p that, for every r G R and 
U) G Q, 

lim \\u 2 (t,t -t,9- T u>,U2(T -t,9^ t uj))\\ 2 L 2/Q) =0. (6.25) 



t— >oo 



By (IBTTT]) . (I6T2TT) and flOoD we find that, for every r G R and w G 0, 



lim ||ii(r,r-t,6'_ T a;,'u*(T-t,6'_ t w))|| 2 2(Q) = 0. (6.26) 



t— >oo 



Since u* is a complete quasi-solution, from (|6.26p we get u*{t,uj) = in L 2 (Q) for all r G R and 
U) G £1. This implies u*(r, ui)(x) = for all x G Q since u*{t,uj) G Cq(Q). D 



We are now ready to prove the following bifurcation result for problem (|6.5p - (|6.7p . 

Theorem 6.2. Suppose 7 is a bounded continuous function satisfying (|6.4p . TTien £/te tempered 
random complete quasi- solutions of problem (|6.5p - (|6.7p undergo a pitchfork bifurcation when the 
parameter v crosses v = 1 /rom below. More precisely, if v < 1, problem (|6.5|) - (|6.7p has a unique 
tempered random complete quasi-solution u = 0; if v > 1, the problem has three different tempered 
random complete quasi- solutions: u*, —u* and 0. Furthermore, u*(t,lo) — > when v — > 1 for every 
t G R and a; G $7. 

Proof. By Lemma 16. II and what we discussed before, if v < 1, then u = is the only tempered 
random complete quasi-solution of the stochastic problem (|6.5|) - (|6.7|) and the random attractor A v 
is trivial, i.e., A u (t,uj) = {0} for all r G R and uj G Vt. On the other hand, if v > 1 the problem 
has at least three tempered random complete quasi-solutions: u*, — u* and 0. The attractor A v 
is nontrivial in this case. By [52], we know A v is upper-semicontinuous when v — > 1. This means 
that for every r G R and u G S7, lim dist^ m\{A v {r, uj),Ax(t, u)) = 0. Since u*(t,co) G A u (t,oj) 



v-tl 



and .4.1 (r, w) = {0}, we must have u*(t,uj) — > as z/ — » 1. D 
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Suppose now 7 : R — > R is T-periodic. By Theorem 15.21 we find that the quasi-solution u* above 
is also T-periodic. As an immediate consequence, we obtain the following bifurcation of random 
periodic solutions. 

Corollary 6.3. Suppose 7 : R — > R is a continuous periodic function satisfying (|6.4p . Then the 
tempered random periodic solutions of problem (|6.5p - (|6.7p undergo a pitchfork bifurcation when the 
parameter v crosses v = 1 from below. More precisely, if v < 1, problem f|6.5|) - (|6.T|) /ias a unique 
tempered random periodic solution u = 0; if v > 1, t/ie problem has three different tempered random 
periodic solutions: u*, —v* v and 0. Furthermore, u*(t,u) — > when v — > 1 /or every r G R emd 
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